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Abstract

This work aims to construct the generalized form of holographic dark energy density which is known
as the Tsallis holographic dark energy within an inhomogeneous universe scenario with interacting
dark sectors. This holographic model has been investigated using the IR cutoff equals the Hubble
horizon. The evolutionary behavior of some basic cosmological parameters, such as the Hubble
parameter, the deceleration parameter, and the equation of state parameter is studied and plotted
against the redshift. The stability of these models has been studied by investigating the evolution of
the square of sound speed of the cosmological matter fluctuations against the redshift. In addition,
the evolution of the diagnostic Om and Lm parameters is studied. The obtained results show a very
good agreement between the recent values of some of the cosmological parameters with the
observations. Some major differences and similarities between these models and previously studied
inhomogeneous models have been shown. The features that distinguish these models from each other
and the standard cosmological model have been studied by applying the state finder analysis. To
investigate the viability of these models and how they are candidates to explain a realistic case of
our universe, they have been tested with the violation of the second law of thermodynamics and the
evolution of the sound spees squared parameter.

Keywords: Holographic dark energy; Tsallis holographic model; Inhomogeneous LTB universe.

1999) and the sky mapping of the cosmic
microwave background (Ade et al. 2000; Huang

Introduction et al. 2006). These observations provided also

evidences of the existence of a mysterious
The fact that our universe has accelerated component of the universe called Dark Energy
expansion has been confirmed over the last (DE) which is assumed to be responsible for the
decades. This fact is supported using the observed  accelerated  expansion.  This
observational data of type la of distant component constitutes around 70% of the
supernovae (Riess et al. 1998; Perlmutter et al. matter content of the universe. Many
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measurements indicate that the cosmological
constant, A, is the most suitable candidate to
represent the DE. This constant is related to the
concordance cosmological model called the
ACDM model where CDM refers to another
dark sector that is called the cold dark matter.
The ACDM model is formulated based on the
homogeneous and isotropic solution of General
Relativity (Aly et al. 2020) which is called the
Friedmann-Lemaitre-Robertson-Walker

(FLRW) universe. However, this scenario has
some difficulties. The first is the cosmological
constant problem in which the magnitude of the
expected vacuum energy, calculated according
to quantum mechanics, is very large (about 120
orders of magnitude different from the observed
value). Second, the coincidence problem where
the DE density, pp, is not only small but also in
the same order of magnitude of matter density,
pm.  These difficulties motivated many
cosmologists to look for alternative scenarios to
explain the accelerated expansion of the
universe. Some of the other alternatives are the
light scalar fields (Quintessence and K-
essence), modified gravity models, higher-
derivative gravity, etc. All these propositions
are still debated. Another alternative proposes
that the universe is isotropic  but
inhomogeneous, rather than homogeneous as in
the standard cosmological models. This
inhomogeneous model gained some interest as
a scenario that can explain the observed
accelerated expansion without invoking the DE
component itself. The most common
inhomogeneous scenarios are the
Lemaitre—Tolman—Bondi (LTB) models. This
is based on the idea that we are living close to
the center of a huge spherically symmetric
matter under-density with volume in the scale
of Giga parsecs (Gpc). This idea faced some
difficulties as it is very unlikely to observe such
matter underdense (void) in any consistent
large-scale cosmological observations. Instead,
inhomogeneity can be assumed in the dark
energy sector to explain the accelerated
expansion without totally giving up the idea of
dark energy and without facing the discrepancy
problem from which the ACDM model is
suffering. This scenario can also be investigated
by assuming the holographic principle to
represent the DE density. In previous work (Aly
et al. 2020; Abd Elrashied et al. 2019) the
normal holographic and Tsallis models of dark
energy have been considered with the LTB
inhomogeneous dark energy universe. The
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resultant evolution of some cosmological
parameters against redshift was acceptable in
comparison to the data of the recent
observations of the type la supernovae and the
results obtained with other models (Li et al.
2012; Jawad et al. 2018; Aditya et al. 2019.
R’enyi and Tsallis holographic dark energy
models are statistical generalizations of the
ordinary holographic dark energy model in the
case of the interacting systems. Many studies
proposed a  correspondence  between
thermodynamics and gravity, so generalizing
one of the entropy or gravity concepts, as the
black hole event horizon entropy idea, will
change the other one. THDE model has been
investigated with many other cosmological
models and the results compared with the
predictions of the ACDM model and with
various types of observations. R’enyi
holographic dark energy model (RHDE) is also
studied with many cosmological scenarios. For
example, the RHDE model has been explored
with IR cut-off as the future and particle event
horizons. The spatially homogeneous and
anisotropic Bianchi V 1o universe filled with
RHDE with Granda-Oliveros and Hubble
horizons as the IR cut-off have also been
studied in the context of general relativity
(Shekh 2023).

In the present work, the properties of the THDE
in the case of the interacting dark sectors have
been studied in the case of the inhomogeneous
but isotropic LTB universe. In section 2. we
presented the basic formulas expressing the
interacting THDE conservation in the LTB
universe and the evolution of the corresponding
fractional density with increasing the redshift.
Specific LTB models have been chosen and
their free parameters are specified based on our
previous work on the same models in (Aly et al.
2020; Abd Elrashied et al. 2019). In section 3.
the main cosmological parameters such as the
holographic dark energy fractional density, the
Hubble parameter, the deceleration parameter,
and the equation of state (EoS) parameter have
been calculated and plotted against the redshift.
The evolution of these parameters shows an
acceptable behavior in comparison with some
observations of the universe in recent times. For
example, The Hubble parameter came very
close to 72kms *Mpc which is the most likely
value estimated using the recent observations of
the la-type supernovae (Riess et al. 1998;
Perlmutter et al. 1999). In section 4, the stability
of these models is analyzed using the sound
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speed squared parameter. In section 5, the
distinction of the two holographic LTB models
is investigated using the diagnostic parameters
Om and Lm. In section 6, we applied the
statefinder analysis by evaluating the
statefinder parameters r and s and studied the
evolution of the considered LTB models in the
(r,s) plane to check the distinction of these
models from each other and the ACDM model.
In section 7, the conditions of satisfying the
second law of thermodynamics have been
explained for the LTB models in the case of the
interacting RHDE representation of dark
energy. This is done mainly by studying and
comparing the evolution of the temperature of
both dark sectors and the entropy of the
holographic models. In the last section, some
conclusion remarks are given.

Basic Equations

We consider the interacting scenario between
the considered HDE and cold dark
matter(CDM). Thus the energy conservation
equation can given by (Jawad et al. 2018)

p'm+ 3Hpn=—Q, 1)
and
po+3H(po+Pp)=Q, (2)

where Q is the interaction term which represents
the coupling between dark sectors. If Q is
positive this means the energy transfers from
the dark matter sector to the dark energy sector
while it means the opposite if Q is negative. The
evolution of the cosmological models including
the interaction of the dark sector has been
extensively studied for different holographic
dark energy models (Saha et al. 2023; Som and
Sil 2014; Nayak 2020; Landim 2022;
Rodriguez-Benites et al. 2024. Many
estimations are considered for the interaction
term of the dark sector. We will adopt here a
simple interaction function that can be given by
Q = 3HSpo, 3)
where ¢ is the coupling parameter of the
interaction. The late-time constraints on
interacting dark energy that was investigated in
(Benisty et al. 2024) revealed that the accepted
values of & lay in & ¢ [-0.33,1].

Interacting Tsallis holographic dark energy in
the LTB universe

The quantum aspects of gravity motivated
generalized definitions of entropy. These
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generalized definitions introduced some new
concepts to the entropy such as the
nonadditivity and the non-extensivity. Tsallis
entropy is among those generalized entropy
measures that investigated widely and led to
acceptable results in some cosmological setups.
The Tsallis holographic dark energy has been
studied for specific LTB models by (Abd
Elrashied et al. 2019) where acceptable results
have been obtained for some cosmological
parameters in comparison with some of the late
universe observations. In this work we are
interested in studying the evolution of the basic
cosmological parameters of the interacting
THDE model in the LTB universe and
investigate its thermal stability conditions. The
Tsallis g’ntropy is given by(Jawad et al. 2018)

§— %Z(P}*“ -P), (4)

i=1

where ¢ is the non-additivity parameter. The
THDE density is given by

pD= B H_26+4, (5)
where B is a parameter which can be written as
B = 3¢®m?%H%2, and me is the Planck mass. The
energy conservation equations (1) and (2) for
the interacting holographic dark energy can be
written for the LTB models as (Grande and
Perivolaropoulos 2011)

Pm +2H (1 — %) pm = — Q,

T

(6)
op + 2H (1— E) pp = @,
’ 2 | ™)

where Prand P are the transverse and the radial
components of the dark energy pressure in the
case of the LTB inhomogeneous universe. From
equations (3),(5), and (7) we can get

P, 3 H .
Using equation (11) in (Grande and
Perivolaropoulos ) we can get

P i L3N0
P 7)  H? U 2XQ,+0D, (9)

Substituting (9) in (8), the term% can be written
as

H 3 e A1 —Qp)

H2  2(6-1) A(1—=Qp)+ QD (10)

wherer = . R = R(r.t) js a function of space
and time which is like the scale factor of the
FRLW model of the homogeneous universe and
Ro=R(r,0). By taking the derivative of equation
(5) we can write
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H
Q) =(4-26) —=0
D ( )[Ig D,

where Qb =dQp/dnR=Qp/H.
equation_s (10) and (11) we can write

52 N -00)
STNI-an)+0D) " (1)

(11)
From

) = 3=
D=y 1

The scale function R(r,t)

In this work we consider the same LTB models
that have been studied in (Abd Elrashied et al.
2019) and (Aly et al. 2020) which are given by
choosing the scale function R(r,t). Since our
main interest is in the case of the on-center
observer, i.e, the observer who is arbitrarily
close to the center of the assumed void region
with dark energy overdense in the LTB universe
as proposed in (Grande and Perivolaropoulos
2011), the scale function can only be chosen as
as follows

R(r,t) = (t+ S + nor%)?3. (13)
The range of values of the parameters is given
as S €[0.5,4], g = 0.65, 70 = 50 (Ribeiro 2008;
Wang et al. 2000). The general formula of
Hubble parameter as a function of the distance
r from the center of the dark energy overdense
and time t for the inhomogeneous LTB universe
is given by (Aly et al. 2020; Engvist 2008)
H(r,t) = Ho /A3 Q,, + Qp, (14)
where Ho = H(r,0) and it can be given as a
function of Qp as

(In [VT=25v5] —In [2p + Vp))

Holr) = -2 3to/
(15)

Evaluation of some cosmological parameters

It is more convenient to express the
cosmological parameters in terms of the
redshift. This could be done using the formula
of expressing the time, t, in terms of the redshift,
z as follows

- 2
() = Ho[1+(1+2)2]

(16)
The evolution of the THDE fractional density
Qp can be obtained by solving (12) numerically
at specific values of the space coordinates r.
Considering the case of an observer is very
close to the center of the dark energy overdense.
The solutions for Qp are found for specific
values of the coupling parameter, ¢ =
(—0.209,0.290) and for chosen values of the
non-additivity parameter ¢ = {3.5,4.55.5}.
These results are shown in figure 1.
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Fig. 1 The evolution of the dark energy fractional
density of the THDS model with z for (a) £=-0.209
and (b)¢ = 0.290.

The evolution of the Hubble parameter can be
evaluated from equation (14) by substituting
with equation (13), and with the solution of
(12). The evolutionary behavior of the Hubble
parameter is shown in figure 2.

The evolution of the Hubble parameter shows
that it is decreasing with the evolution of the
universe and increasing the cosmic time. It is
also converge to the value 72km/sec.Mpc which
is in a good agreement with the average values
obtained from the recent local observations of
the recent universe such as the type la
supernovae observations (Riess et al. 1998;
Perlmutter et al. 1999).

Hiz)
100

0 2 4 6 8

Fig. 2 The evolution of the Hubble parameter of the
THDS model with z for (a) £ = —0.209 and (b)¢ =
0.290.
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This value is also in a good agreement with the
recent observation data combination (CMB +
BAO + SN + HO and CMB + BAO + SN + HO
+WL+RSD) of Hubble parameter (HO ~ 69

km/s.Mpc)
The deceleration parameter is given by

B H
=TT (17)
which can be re-written as

B 3 A(1—Qp)
= S W oo rap|

(18)

The evaluation of the deceleration parameter
against the redshift is shown in figure 3. Note
that the acceleration parameter is decreasing by
evolving the universe to its recent age. The two
scenarios of the interacting THDE show that the
LTB universe is experienced a phase transition
from the decelerated expansion phase to the
accelerated expansion phase at z = 3.5 for the &
=-—0.209 case and at z =5 for the £=0.290 case.
Both cases show a phase of accelerated
expansion of the LTB univere in the near future
times, i.e. =2 < z < 0 as shown in figure 3.
Although these values still imply that some
transition has occurred, they are much larger
than the value, z = 0.46, which is obtained by
constraining the luminosity distances of a high
redshift sample of la supernovae and more
consistent with the ACDM model (Riess et al.
2001, 2004).

The equation of energy conservation for the
interacting dark energy sector can be given in
terms of the equation of state parameter as

pot2H (1 + wp)pp=Q. (19)

Fig. 3 The evolution of the deceleration parameter of
the THDS model with z for (a) £ =-0.209 and (b) ¢
=0.290.
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By comparing this equation to equation (7)
given for the inhomogeneous LTB universe, the
equation of state parameter wp is given by

_ o 2 (B
wp =1 3(13,. 1). (20)

Combining this equation with equations (8) and
(20), the E0S parameter can be written as

d—2 A3 (1 —Qp)
wp=-1-&+ 51

[5 M- Qp)+ QD]

(21)
The evolution of the EoS parameter is shown in
figure4. We can notice that the evoluted EoS
parameter has negative values through the past
times, the present and

w(z)

-4 -2 2 4

Fig. 4 The evolution of EoS parameter of the THDS
model with z for (a) £=-0.209 and (b) £ = 0.290.

even in the near future times —2 < z < 0. This
refers to that the LTB universe with interacting
THDE dark energy had a phantom-like
expansion in the past and in its recent time. This
because the Eo0S parameter is always has
negative values for both interacting cases at z >
0. It is also clear that the first case with & =
—0.209 the LTB universe will get rid of this
phantom behavior and pass through the value
wp = —1 of the ACDM model in the very near
future then evolve to higher values later. On the
other hand, the second interacting case with ¢ =
0.209 will staying longer, even in the near
future times, in this phantom state.

Stability

In this section, the stability of the interacting
THDE model of dark energy is discussed by
deriving the sound speed squared parameter, vs
for the considered LTB inhomogeneous models
of the universe. The positive value of vs? (and so
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a real sound speed) implies a regular
propagating mode for the density perturbations
in the dark energy fluid. This implies a stable
HDE model, while the negative v¢? (and so an
imaginary sound speed) implies an unstable
HDE model. The sound speed squared is given
by (Moradpour et al. 2018)

ve_@p _powp
dpp PD P
ye_p _powp .
dpp PD (22)

Substituting equations (2),(3), (5) and (19) in
the above equation then solving it numerically,
the evolutionary behavior of V 2against z can be
given as shown in figure 5. We can observe that
the V 2 parameter has only negative values in the
recent and near future times of the universe.
This shows that the LTB universe with
interacting THDE dark energy model has
instabilities in the perturbation level. It has
irregular modes of superluminal propagation in
which the density perturbations have an
exponential mode of growing (Myung 2007;
Kim et al. 2008; Sharma and Dubey 2022). This
behavior is unlike the stability behavior has
been shown by the LTB model of the universe
with non-interacting THDE model studied in

&

Fig. 5 The evolution of V 2 parameter of the THDS
model with z for (a) £=—0.209 and (b) &= 0.290.
Diagnostic parameters

Diagnostic Omega parameter

The diagnostic parameters are mainly used to
distinguish the dark energy models without

precise knowledge of the fractional densities.
The easiest diagnostic parameter

that can be used is the omega parameter, Om,
which is given by

Om(z) = H(_EZ))Q
-1+ () (23)

The two LTB models of the inhomogeneous
universe exhibit the same evolutionary behavior
of the Om parameter with z for the given values
of ¢ and & free parameters by considering the
RHDE model of dark energy. This shows how
the Om parameter is independent on ¢ and & for
the two LTB models in the case of r = 0. This is
shown in figure 6 The two coupling cases of the
THDE model of dark energy in the
inhomogeneous universe exhibit the same
evolutionary behavior of the Om parameter with
z for the given values of o free parameter. This
shows how the Om parameter is independent on
o and ¢& for the two scenarios in the case of the
on-center observer, i.e. r = 0. This behavior
indicates that the two coupling scenarios are
indistinguishable relative to an observer located
at the center of the overdense of the interacting
dark energy. So, it is reasonable to try using
another diagnostic parameter to distinguish the
two cases of the interacting holographic dark
energy.

Om{z)

0.20}

Om(z)
0.057

0.04f
0.03}

0.02}

0.01f

0 1 2 3 4

Fig. 6 The evolution of the diagnostic parameter
Om(z) of the THDS model with z for (a) & =-0.209
and (b) £=10.290.

Diagnostic L, parameter

The L parameter is the first derivative of the
Om parameter, and it is given by (Aly 2019)
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Lin(2) =22 (22 +32+3) h% +3(z4+ 1) (1+1?)

(24)
where h = H(z)/Ho. The evolutionary behavior
of the L, diagnostic paremeter with z is shown
in figure 7. It is clear that both scenarios of the
interacting THDE model have almost the same
evolutionary of the diagnostic parameter Lm(z)
as shown in figure 7. So, the two models are
also using this parameter. We can conclude that
the two parameters Om and Lm are not enough
to distinguish the two interacting THDE models
of dark energy in the LTB universe. This
motivates us to look for another more powerful
diagnostic tool as one that will be discussed in
the next section.

Lmz)

— 5135
—_— 545

== 5:55

600

400+

200+

Lm(z)
60

m— i35

= §:45

- &

1
Fig. 7 The evolution of the diagnostic parameter

Lm(z) of the THDS model with z for (a) &= —0.209
and (b) £=0.290.

Statefinder Analysis

In cosmology there are many dark energy
models that need to be compared. Such a
comparison is useful in measuring the
advantages of a specific model over the
standard ACDM model or any other existing
model. The statfinder dignostic is a pair of two
geometrical dimensionless variables {r,s} that
is introduced in (Saha et al. 2023). These
geometrical parameters can be constructed from
the higher derivative orders of the scale factor
with cosmic time. The state finder parameters
can be written in terms of the parameters q(z)

and H(z) as follow /
L __dg(z)/dz
&) = 2T g g, (o)
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r(z)—1

s(z2) = —/———~

3 (a(2) — 3) (26)

~

[

S

The statefinder parameter r(z) is given in terms
of the Hubble parameter H(z) and the
deceleration parameter g(z) and hence it is given
in terms of the scale function R(r,t) of the LTB
model and its higher derivatives. The other
statefinder parameter s(z) is a combination of
r(z) and q(z) parameters. The evolutionary
behavior of the two statefinder parameters
against the redshift is shown in figure 8. We can
notice

s(z)

© r(z)

Fig. 8 The evolution of the statefinder diagnostic
parameters {r,s} with z for the THDE model for (a)
¢=-0.209 and (b) &= 0.290.

that both THDE models show almost the same
proportionality behavior between the evolved
statefinder parameters, specifically for the
values of o = 3.5 and ¢ = 4.5. However, the first
interacting model with negative ¢ is passing the
characteristic value {1, 0} of the ACDM model
at 0 = 3.5 and ¢ = 4.5, while the other model
with positive ¢ not passing that point. This
difference can be considered as a distinction
between the two models of interacting THDE
models. It is noticed that this behavior is
different from that of the statefinder analysis of
the ordinary holographic dark energy model in
the inhomogeneous LTB universe that has been
studied in (Abd Elrashied et al. 2019). In that
work the statefinder pair {r, s} do not pass the
characteristic value {1, 0} of the ACDM model
at any value of the parameter 6 within the
timeline of the obervational universe. The same
attidude is given for the Chaplygin gas model
that has been studied for the holographic Ricci
dark energy model of FRW universe in (Feng
2008). As it is thought that the evolution of the
observable universe has to converge to the ACDM

r(z)
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model in the future times, we can conclude that
the THDE model within an inhomogeneous
universe has more advantage than some other
models to represent the recent universe.

Thermodynamics and Thermal Analysis

The standard cosmological model assumes the
adiabatic expansion of the observable universe
where each of its components are conserved
separately and independently (Melendres
2021). The separate conservation of the non-
interacting dark matter and dark energy
components is given by equations (6) and (7)
with Q = 0 for the considered LTB
inhomogeneous models. In that case, the second
law of thermodynamics tells us that the entropy
of each component is evolving and not a
constant. Thermodynamics can be used to
investigate the viability of the given models
which must have an increasing entropy with
time and thus the second law of
thermodynamics would not be violated. To
establish  that, the second law of
thermodynamics can be written for each dark
sector as.

TdS=d[(p +p)V ]—V dp, (27)
where T, p, and p are the temperature, density,
and pressure of each dark sector and V is a
volume element within a comoving coordinates
system. In the case considered here of the
interacting dark sector fluids, where Q = 0, the
Q term represents the time rate of change of the
energy densities of the dark sector. Following

the argument in (Saha et al. 2023), and using

- TD dSD _ f,, (ITS,”
=7 TV dt (28)
where Sp and Sp stand for the entropy of dark
energy and dark matter respectively. This

equation leads to the following

T
1(Sp+Sm) = [1—22)dS,, #0
d(Sp + Sm) ( 1,,)f A0 o

and so Sp + Sn &~ constant. So, the case of
interacting with dark sector does not imply an
adiabatic evolution of the universe. Equation
(29) shows that the second law of
thermodynamics will be satisfied if the dark
matter is always cooler than dark energy (Tm <

To) because % >0. From equation (28) the
time evolution of the total entropy can be given
as

d sy 1 1
E (\SD + bm) - (Tm TD) (JV

(30)
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This equation implies that there is another
condition on Q to get the second law of
thermodynamics to be satisfied when Q < 0.
This condition shows that the interacting dark
sector models with negative coupling
parameter, & < 0, are the more realistic models
from the perspective of thermodynamics. In
these models, the energy always flows from
dark energy to dark matter. To investigate the
first thermal condition that viable models
should have (Tm < Tp), the temperature of dark
sectors has to be evaluated. With Q that given
in (3) and following the derivation arguments in
(C ardenas et al. 2019), the temperature of dark
sectors can be written as

3w “1-0
Tl(z) = Ty (0) (14 :)‘{wm exXp [‘Sf [ -
J0

D

dIn(1+ :)}
(31)
and
To(2) = To(0)(1 + 2%, (32)
where Tr(0) and Tp(0) are the values of the dark
matter and dark energy temperature at the recent
time of the universe with z = 0. The dark energy
EoS parameter wp is given by equation (21).
The cold dark matter density can be represented

in terms of Qp as ,
Pm = Qupe = (1 —Qp) % (33)
Using this equation with equations (6),(8), (9)
and (10), the EoS parameter of the cold dark
matter sector is given by

. 3., 36-2
wm(2) = —5&+ 2515

A3 (1—Qp)

N(1-Qp)+0D]|

(34)
By substituting this equation and (21) in
equations (31) and (32), the temperature ratios
Tm(2)/Tm(0) and To(z)/To(0) are numerically
evaluated and plotted aganist each other with z
in figure 9 at 0 = 3.5. As it is clear from the
figure 9 the temperature ratio of dark matter is
almost greater than that ratio for dark energy at
z > 0, while at the near future times, i.e.z < 0,
the dark energy temperature ratio starts to raise
over that of the dark matter. Considering this
and the condition of Tw(z) < To(Z) should be
always satisfied and we also have Tn(0) <
To(0), we can say that this condition is satisfied
in the past and the second law of
thermodynamics was always satisfied in the
past times of the LTB universe with interacting
THDE models. However, in the recent and
future time of this models predicts the violation
of the temperature condition and hence the
violation of the second law of thermodynamics.
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T (2 Ty (0)

Tp(2)Tpl0)

Temprerature Ratio

T (2)/ Ty (0)

Tp(@)/Tp(0)

Temprerature Ratio

Fig. 9 The evolution of the temperature ratio for the
two dark sectors with z for the THDE model for (a)
¢=-0.209 and (b) &= 0.290.

This is agreed with the facts revealed before that
the two models of interacting THDE have a
phantom behavior of their evolution and
irregular mode of density perturbations. This
conclusion can be further asserted by
investigating the evolved entropy of both
models as shown in figure 10. The entropy
function is increasing with time untill reach a
maximum value in the near future times then

start to decrease and this clearly violates the
second law of thermodynamics.

S(z)

0.0007%8

0.000192

0.000191

0.000190

0.000189

0.000188

S(z)
0.000196

0.000195

0.000192

0.000191 -

20 -L5  -10  -05 0.5 10

Fig. 10 The evolution of the entropy function for the
THDE model with z for (a) £ =-0.209 and (b) & =
0.290.

Conclusion

In this work, we consider the interacting Tsallis
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model of holographic dark energy. This model
is one of the statistical generalizations of the
entropy formula of the black hole which was
introduced first by Bekenstein and Hawking
and studied in more detail in (Tavayef et al.
2018).This Tsallis holographic dark energy
model has been investigated in the case of the
generalized LTB model of the inhomogeneous
universe which was studied previously in the
non-interacting case in (Aly et al. 2020; Abd
Elrashied et al. 2019; Grande and
Perivolaropoulos 2011). To clarify our model,
the main cosmological parameters are
calculated as functions of redshift, z, at two
different values of the coupling parameter, &
between dark matter and dark energy, and three
different values of the non-additivity parameter
0. By considering the IR cutoff equal to he
Hubble horizon, the Hubble parameter, the
deceleration parameter, and the equation of
state parameter are calculated for both
holographic LTB models. The evolution of
these parameters with z is studied by
considering an observer located at the center of
the dark energy overdense, i.e. r = 0. The
evolutionary behavior of these cosmological
parameters is plotted and compared with the
previous work at certain values of some free
parameters for the proposed models.
Sometimes, the behavior of these cosmological
parameters is in close agreement with the
concordance ACDM model of the observed
universe. Therefore, these results can be
compared and tested against the current
observations of the recent observable universe.
For example, the recent values of the Hubble
parameter, the deceleration parameter, and the
fractional density of the holographic dark
energy show coincidence with the measurable
values obtained using the recent la supernovae
pantheon data. Maybe the most distinguished
feature is the existence of a phase transition
form the decelerated expansion phase to an
accelerated expansion phase at a particular
redshift. However, there are some major
deviations from the ACDM model such as the
phantom-like behavior that has been shown in
both LTB models in the recent epoch of the
universe with a small decrease of their the EoS
parameter below —1. Further, analyzing the
stability of these models using the sound speed
squared parameter and the evolution of this
parameter shows that it is close to a small
negative value at z = 0 which indicates a
negative sound speed propagation of density
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fluctuation and so unstable evolutionary
behavior. Using the diagnostic parameters
shows that these two LTB models with the
THDE are distinguishable only through the
evolution of the statefinder diagnostic which is
not the case with the HDE and THDE models
studied previously in (Aly et al. 2020). Studying
the evolution of these models in the state finder
plane can distinguish these models from each
other and the standard cosmological model.
This is so helpful as we have a huge number of
candidate models in the literature. Regarding
the viability of each of these models, the
thermal analysis is very useful to establish that.
This could be done by studying two conditions
for satisfying the second law  of
thermodynamics, which implies a real physical
evolution of the observable universe. This
analysis has shown that the two models are not
always satisfying the basic condition that the
dark matter should be kept cooler than dark
energy. This refers to the feature that both LTB
scenarios with THDE model of dark energy
have a decreased entropy in the near future
times and hence a violation of the second law of
thermodynamics. So, we can state that both
scenarios are not thermally stable.

Finally, we can conclude that this work
investigates a new scenario of the
inhomogeneous  universe with a non-
homogeneous distribution of the THDE. The
major similarities and differences between this
model and the other homogeneous and
nonhomogeneous holographic models are
discussed. Besides the previous studies that
investigated the same scenario with different
statistical generalizations of the holographic
principle, this work uncovers the features of the
inhomogeneous universe as a possible
alternative to the standard homogeneous one.
This could be very helpful in tackling big
cosmological problems such as the Hubble
crisis from a different point of view in both the
analytical and the observational perspectives.
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